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7.5 The Symmetric and Alternating Groups
Cor 7.22 - Every finite group is isomorphic to a subgroup of Sn

Recall Su - all bijective functions (permutations)
h t
,
2
. . . . ,

h} → 41,2
,
. . . ,

h }

group operation is the composition of functions
Notation for re Sn : (da, Fca, Icu, )

Cycles - special elements of Su
Notation : se Ca , a. . . . as ) a

. . . . aa are
all distinct

elements of the set hi. . . - us
b. ⇐ u

Gleaning: Ra,) -- a, o Caa) -- as . . .
9 Case

. .) = ah , P (art
- al

Q Haa ↳ as ↳ . . . . tsar
All other elements stay
j in their places :

Rb) -- 8 if b 't ai
Easy to see : Ica . . . ..

aa) I -- k
- order of this element of Su



Det 8=292 . . . , ah) and T -- CG . . . . , les )
are disjoint when they do not share elements ,

Bx 425) and Csu) are two disjoint cycles in Ss (also Sia )

is :3 :

Th7.24 Toxery permutation can be written as a product
of disjoint cycles in a unique way .

Th 7.23 Disjoint cycles commute :
if -

JIE Su are disjoint cycles , then re --tr .

PI f- (a. . . . . , ah) t = (be > . . . > Gr)

Let texan
.

Wanted : SG ex)) -- t.GG))

If x is neither ai nos bj, then Gex) -- x ; text x

Rta)) - e- Gex)) -- X

Ff x-- ai ,
then x # bj . G Cx) -- ae (l -- its o- l -- l) t Cx) -- x

T Cai) = ai



GGex)) = G Cx) = ae

t Cran) = teas) = as /
-

Pf (7.24) GE Sn

a
,
E h l

, . . .
h b aa E Rai) az -- T Caa) . . .

a
, as II. as . - - hee'S a

. ¥ would contradict

Pick another element la
,

wet from
the infectivity of r

this eigele
b. Esb

,
Is

. -

Esb
,
Es lo

,

Akai elements from his . . - us are either members

of a cycle or are left on their places by o , we see
that o is the product of the cycles which we constructed.



Transpositions - cycles of length 2
(a
,
G)

an. . c : : :: )
b↳a

Th 726 Ivery permutation can be presented as a product
of transpositions. Cuot necessarily disjoint )

Pf It suffices to present a cycle as a product of transpositions :
(ai . . . . as) = (a, as) Ca, as) i . . (Ak-i Aee)

A
,↳ Ag A

,
1-say

a
,↳ as

a
,
↳a
z

ahHa
,

Det A permutation is EVEN if in can be presented as a product
of an even number of transpositions
Otherwise - ODD permutation .

Th7.28 This parity is invariant (the definition is justified)




